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2.
$C^{\infty}(M, R^{3})$
$Imm(M, R^{3})$ $:=$ {$F:Marrow R^{3},$ $C^{\infty}$-immersion}
Willmore $\mathcal{W}$ : $Imm(M, R^{3})arrow R$ ,
$\mathcal{W}(F)$ $:= \int_{M}H^{2}dv$
. , $dv$ , $F$
. $\mathcal{W}(F)$ , $F$ Willmore
$-$ (Willmore energy) $k$ .
$WiUm\circ re$ $\mathcal{W}$ , $R^{3}$
.
$WiUmore$ , $\mathcal{W}$ (minimizer)
$({\rm Min} \mathcal{W}=2\pi^{2})$ , $R^{3}$
.
(L. Simon [Sil], [Si2]). $\mathcal{W}$ . , $M$
.
willmor$e$ $\mathcal{W}$ ($\mathcal{W}’(F)=0$ $F$) ,
Willmore (Willmore surface) $lZ$ . Willmore




, I. Taimanov [Tai] , Willmore
, M. U. Schmidt [Sch02] , Willmore
, .
, ( )
, M. U. Schmidt [Sch02]
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$\Downarrow$
$F$ $Marrow S^{2}$ .
$\Downarrow$




(twisted loop algebra) $\Lambda \mathfrak{g}_{\sigma}^{C}$
$\Lambda_{d}$ $:= \{\sum_{i=-d}^{d}\xi_{i}\lambda^{i}\}$ Lax
$\frac{\partial L}{\partial t}=[A, L]$
( (matrical polynomial syst$em)$ )
$\Downarrow$
$\mathcal{M}$
(Algebraically Completely Integrable Haniltonian System)
, $\mathcal{M}$ , $CP^{1}=CU\{\infty\}$ Higgs





4. M. U. SCHMIDT
:
$\exists$ Willmore $\mathcal{W}$ (Existence of Miimizers)
Willmore $\mathcal{W}$ (Determination of Minimizers)
, ,





( $M$, conformal class) $3$ $R^{3_{\text{ }}}$
$F$ , $F$ $H$ $F$
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$\varphi$ : $Marrow S^{2}(1)=C\cup\{\infty\}$ (generaliz$ed$
harmonic equation)
$H( \frac{\partial^{2}\varphi}{\partial z\partial\overline{z}}-\frac{2\overline{\varphi}}{1+\varphi\overline{\varphi}}\frac{\partial\varphi}{\partial z}\frac{\partial\varphi}{\partial\overline{z}})=\frac{\partial H}{\partial z}\frac{\partial\varphi}{\partial\overline{z}}$




$\mathcal{T}_{1}$ $:=\{\tau\in C|{\rm Im}\tau>0\}$







CImm$((M, \tau),$ $R^{3}$ ) $:=$ {$F:(M,$ $\tau)arrow R^{3}$ }
. , $Imm(M,R^{3})$ , $Imm(M,R^{3})$ 2
$Imm(M, R^{3})=\prod_{\tau\in \mathcal{T}\iota}CImm((M, \tau),$
$R^{3}$)
.
, Willmore $\mathcal{W}$ CImm$((M, \tau),$ $R^{3}$)
$\mathcal{W}:CImm((M,\tau),R^{3})arrow R$
.
, $\tau\in \mathcal{T}_{1}$ . 1 3
$R^{3}$
$F:(M, \tau)\cong R^{2}/\Lambdaarrow R^{3}$
. $(M, \tau)\cong R^{2}/\Lambda$ $z=x+\sqrt{-1}y_{t}^{}$-
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( $F$ ). , $g_{R^{3}}$ 3
$R^{3}$ .
CImm$(R^{2}/\Lambda,R^{3})\subset Imm(R^{2}/\Lambda, R^{3})\subset C^{\infty}(R^{2}/\Lambda, R^{3})$
:
$H$ $F$




$\mathcal{D}_{U}$ $:=(- \frac{U\partial}{\partial\overline{z}}$ $\frac{\partial}{\partial z,U})$
.
,
$\mathcal{P}$ $:=\{U\in C^{\infty}(R^{2}/\Lambda)|\exists\psi=(\begin{array}{l}\psi_{l}\psi_{2}\end{array})\neq 0$ $C^{2}$-valued function
with condition (PC) such that $\mathcal{D}_{U}\psi=0\}$
$\subset C^{\infty}(R^{2}/\Lambda)\subset L^{2}(R^{2}/\Lambda)$
. , $(PC)$ , :
(PC) 2 1 $\psi_{1}^{2}dz-\psi_{2}^{2}d\overline{z},$ $\psi_{1}\overline{\psi}_{2}dz+\overline{\psi}_{1}\psi_{2}d\overline{z}$ , $R^{2}/\Lambda$
1- .
$F\in CImm(R^{2}/\Lambda, R^{3})$ , $U\in \mathcal{P}$ . ,
$U\in \mathcal{P}$ , $F\in CImm(R^{2}/\Lambda, R^{3})$ $R^{3}$
. , [Ken] ,
$\mathcal{D}_{U}\psi=0$ , [Ken] .
Fermi :
, $k=(k_{1}, k_{2})\in C^{2}$ , A
$\Lambdaarrow Carrow C/\Lambda=R^{2}/\Lambda=M$
$\rho_{k}$ : $\Lambda\in\gamma\mapsto\exp(2\pi\sqrt{-1}\langle k, \gamma\rangle)I_{2}\in C^{*}\cdot I_{2}\subset GL(2, C)$
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2 $E_{k}:=C\cross_{\rho_{k}}C^{2}$ .
$E_{k}$ $C^{\infty}$- $\Gamma(E_{k})$ ,
{ $f$ : $Carrow C^{2}|f(z+\gamma)=exp(2\pi\sqrt{-1}\langle k,$ $\gamma\rangle)^{-1}f(z)$ for $\forall z\in C,\forall\gamma\in\Lambda$ }
. $\mathcal{D}_{U}$ : $C^{\infty}(C;C^{2})arrow C^{\infty}(C;C^{2})$
$\Gamma(E_{k})$ , ,
$\mathcal{D}(U, k)$ : $\Gamma(E_{k})arrow\Gamma(E_{k})$
. $\mathcal{D}(U, k)\psi=0$ $0\neq\psi\in\Gamma(E_{k})$ ,
$k$ (quasi-momentum) .
, $U\in \mathcal{P}$ ,
$\mathcal{F}(U):=$ {$k\in C^{2}|U$ }\subset C2
. ,
$U$ $\Leftrightarrow Ker(\mathcal{D}(U, k))\neq\{0\}\Leftrightarrow \mathcal{D}(U, k)$
. , , $\mathcal{F}(U)$ ,
$C^{2}$ . $\mathcal{F}(U)$ ,
$U$ Fermi (complex Fermi curve) .
, Fermi \iota
. Fermi $\mathcal{F}(U)$ ,
$U$ , Femi $\mathcal{F}(U)$
$u$ . Bloch ,
, Davey-Stewartson
.
, , $\mathcal{F}(U)$ $R^{3}$





$L^{2}(R^{2}/\Lambda)$ , $R^{2}/\Lambda$ $L^{2}$-
.
$\mu:L^{2}(R^{2}/\Lambda)\cross L^{2}(R^{2}/\Lambda)\ni(V, W)rightarrow \mathcal{F}(V, W)\in \mathcal{M}_{Lam}u_{a}$
. ,
$\mathcal{D}(V, W)$ $:=(- \frac{\partial}{\partial Z}V$ $\frac{\partial}{W\partial z})$
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,
$\mathcal{F}(V, W):=\{k\in C^{2}|Ker(D(V, W, k))\neq\{0\}\}$
$C^{2}$ , $v,$ $w$ Fermi




$\mathcal{P}\ni Urightarrow(U, U)\in L^{2}(R^{2}/\Lambda)xL^{2}(R^{2}/\Lambda)$
.
Fermi :
$\mathcal{M}_{\Lambda}$ , Fermi $n$




$\mathcal{M}_{\Lambda}$ , $\rho,\eta$ : $C^{2}$ 2
$\rho:C^{2}\ni krightarrow\overline{k}\in C^{2}$ , $\eta:C^{2}\ni k\mapsto-\overline{k}\in C^{2}$ ,
, Fermi :
$\rho:\mathcal{F}(V, W)\cong \mathcal{F}(\overline{V},\overline{W})$ , $\eta$ : $\mathcal{F}(V, W)\cong \mathcal{F}(\overline{W},\overline{V})$
, , $U\in L^{2}(\mathbb{R}^{2}/\Lambda)$ , $\mathcal{F}(U,\overline{U})$ $\eta$ : $krightarrow-\overline{k}$
, , $U$ , $\mathcal{F}(U, U)$
$\rho:k\vdash+\overline{k}$ . , $\sigma=\eta\circ\rho$ : $krightarrow-k$
,





$\mathcal{M}_{\Lambda,\rho,\eta}=$ {$\mathcal{F}(U,$ $U)|U\in L^{2}(R^{2}/\Lambda)$ }
.
(PC) $U\in L^{2}(R^{2}/\Lambda)$ Fermi
$\mathcal{F}(U)=\mathcal{F}(U, U)$ , Weierstrass (Weierstrass curve)
.
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Fermi (SC) ([Sch02, p.197])
, (SC) $\mathcal{F}(U, U)\in \mathcal{M}_{\Lambda,\rho,\eta}$
$\mathcal{M}_{\Lambda,\rho,\eta,SC}$ ,
$\mathcal{M}_{\Lambda,\rho,\eta,SC}=$ { $\mathcal{F}(U)|$ Weierstrass whwa}
. (SC) ,




Willmore $\mathcal{W}$ : $\mathcal{M}_{\Lambda,\rho,\eta,WSC}arrow R$ . $w>0$
,
$\mathcal{M}_{\Lambda,\rho,\eta,WSC,w}$ $:=\{\mathcal{F}\in \mathcal{M}_{\Lambda,\rho,\eta,WSC}|\mathcal{W}(\mathcal{F})\leq w\}$
. willmore $\mathcal{W}$ : $\mathcal{M}_{\Lambda,\rho,\eta,WSC,w}arrow R$
, $\mathcal{M}_{\Lambda,\rho,\eta,WSC,w}$ $C^{2}$
( ) $\overline{\mathcal{M}}_{\Lambda,\rho,\eta,WSC,w}$
, $\overline{\mathcal{M}}_{\Lambda,\rho,\eta,WSC,w}$ willmore ,
Willmore (generalized Willmore functional) $\overline{\mathcal{W}}$ ,
, $\overline{\mathcal{W}}$ $\overline{\mathcal{M}}_{\Lambda,\rho,\eta,WSC,w}$
. , $\overline{\mathcal{W}}$ $\overline{\mathcal{M}}_{\Lambda,\rho,\eta,WSC,w}$ ( )
, Fermi
. , Fermi
. , $\tau\in \mathcal{T}_{1}$ , Willmore
, , $T(1, \sqrt{2})$
. , $\tau\in \mathcal{T}_{1}$ $2\pi^{2}$
.
5.
F. Pedit, U. Pinkall, F. Burstall ( ,
) . , $A$ . $Ros$ , $M$ . Haskins
.
, Willmore M. U. Schmidt , $r$ Willmore
?
, M. U. Schnidt , 66 ([Kenmotsu])
.
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